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EXISTENCE OF NON-OBVIOUS DIVERGENT TRAJECTORIES
IN HOMOGENEOUS SPACES
NATTALIE TAMAM
Abstract. We prove a modified version for a conjecture of Weiss from 2004.
Let G be a semisimple real algebraic group defined over Q, Γ be an arithmetic
subgroup of G. A trajectory in G/Γ is divergent if eventually it leaves every
compact subset, and is obvious divergent if there is a finite collection of alge-
braic data which cause the divergence. Let A be a diagonalizable subgroup of
G of positive dimension. We show that if the projection of A to any Q-factor
of G is of small enough dimension (relatively to the Q-rank of the Q-factor),
then there are non-obvious divergent trajectories for the action of A on G/Γ.
1. Introduction
Let G be a semisimple real algebraic group defined over Q, Γ be an arithmetic
subgroup of G, and A ⊂ G be a subgroup. The action of A on G/Γ induces a flow
on G/Γ. The behavior of such flows is extensively studied and related to classical
problems in number theory (see [KSS]).
For example, it was proved by Dani [Da] that the divergent trajectories are
related to singular systems of linear forms which are studied in the theory of Dio-
phantine approximation. A trajectory Ax in G/Γ is called divergent if the map
a 7→ ax, a ∈ A, is proper.
In some cases one can find a simple algebraic reason for the divergence. Let
g ∈ G and let A ⊂ G be a semigroup. A trajectory AgΓ is called an obvious
divergent trajectory if for any unbounded sequence {ak} ⊂ A there is a sub-
sequence {a′k} ⊂ {ak}, aQ-representation ̺ : G→ GL (V ), and a nonzero v ∈ V (Q)
such that
̺ (a′kg) v −→
k→+∞
0.
A proof that an obvious divergent trajectory is indeed divergent can be found in
[W]. The obvious divergent trajectories are related to systems of linear forms with
coefficients that lie in a rational hyperspace.
In [M] it was shown by Margulis that a unipotent subgroup has no divergent
trajectories on G/Γ. Moreover, his argument shows that any quasi-unipotent sub-
semigroup has no divergent trajectories. Thus, it is natural to study the existence
of divergent trajectories and non-obvious divergent trajectories under the action of
diagonalizable subgroups of G. Since any diagonalizable subgroup of G is a direct
product of a compact set and an R-diagonalizable subgroup, we focus on the later
one.
Let T be a maximal R-split torus in G. Let A be a subgroup of T . It was
conjectured by Weiss in [W] that the existence of divergent trajectories and of non-
obvious ones can be deduced from the relation between the dimension of A and
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the Q-rank of G. We show that the existence of such orbits also depends on the
projection of A onto the Q-simple factors of G.
G is said to be the Q-almost direct product of its algebraic Q-subgroups
G1, . . . , Gℓ if the map
G1 × · · · ×Gℓ → G
(g1, . . . , gℓ) 7→ g1 · · · gℓ
is a surjective homomorphism with finite kernel; in particular, this means that the
Gi commute with each other and each Gi is normal in G. The subgroups G1, . . . , Gℓ
are called Q-factors of G.
Our main goal is to prove a modified version of Conjecture 4.11C in [W]:
Theorem 1.1. Let A be a subgroup of T such that 0 < dimA < rankQG and the
projection of A to any Q-factor G1 of G satisfies dimA ≤ rankQG1. Then there are
non-obvious divergent trajectories for the action of A on G/Γ.
A main step in the proof of Theorem 1.1 is showing that there are divergent
trajectories for the action of subgroups of T which are of small enough dimension.
Theorem 1.2. Assume G is Q-simple and let A be a subgroup of T such that
0 < dimA ≤ rankQG. Then, there are divergent trajectories for the action of A on
G/Γ.
For the case A is one-dimensional, Theorem 1.2 was proved in [Da, Prop. 4.5] and
in [W, Prop. 3.5] for the case A is not quasi-unipotent (not necessarily a subgroup
of T ).
The following theorem shows that in order to understand the behavior of trajec-
tories for the action of a subgroup of T , it is enough to understand the behavior of
trajectories for the projections of the subgroup onto Q-factors of G.
Theorem 1.3. Let A be a subset of T , G = G1×G2 be an almost Q-direct product
of algebraic Q-subgroups of G, and πi : G→ Gi, i = 1, 2, be the quotient map.
(1) Assume dimπ1 (A) = 0. Then, there are divergent trajectories (respectively
obvious divergent trajectories) for the action of A on G/Γ if and only if
there are divergent trajectories (respectively obvious divergent trajectories)
for the action of π2 (A) on G2/π2 (Γ).
(2) Assume dim π1 (A) and dim π2 (A) are positive. There are divergent tra-
jectories for the action of A on G/Γ if and only if for i = 1, 2 there are
divergent trajectories for the action of πi (A) on Gi/πi (Γ).
(3) If there exist divergent trajectories for the action of A1 on G1/Γ1 and non-
obvious divergent trajectories for the action of A2 on G2/Γ2, then there are
non-obvious divergent trajectories for the action of A on G/Γ.
1.1. Overview of the paper. We start by proving Theorem 1.3 in §2. In §3 we
define almost Q-anisotropic and almost Q-split subtori and show that if a subtorus
is of a small enough dimension, then it is conjugate to a maximal almost Q-split
subgroup (Theorem 3.3). In §4 we use highest weight representations to deduce
Theorem 1.2 from Theorem 3.3. Theorem 1.1 is proved §5.
2. Trajectories on Q-Factors
Denote by π the quotient map G→ G/Γ, g 7→ gΓ.
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Lemma 2.1. Let Γ and Γ′ be arithmetic subgroups of G (with respect to the same
Q-structure), let π′ : G→ G/Γ′ be the natural quotient map, and let A be a closed
semigroup of G. Then the following hold:
(1) π (A) ⊂ G/Γ is precompact if and only if π′ (A) ⊂ G/Γ′ is precompact;
(2) For any g ∈ G, the orbit Aπ (g) ⊂ G/Γ is divergent (respectively obvious
divergent) if and only if the orbit Aπ′ (g) ⊂ G/Γ′ is divergent (respectively
obvious divergent).
The first and part of the second statement of Lemma 2.1 are proved in [TW,
Lemma 6.1]. The proof of the second part of Lemma 2.1(2) is similar and is left as
an exercise for the reader.
Proof of Theorem 1.3. For i = 1, 2 let πi : G → Gi be the quotient map, Ai =
πi (A), and Γi = Gi (Z). Then π1 (Γ) , π2 (Γ), and Γ are commensurable with Γ1,Γ2,
and Γ1 × Γ2, respectively. Thus, by Lemma 2.1 we may replace π1 (Γ) , π2 (Γ), and
Γ with Γ1,Γ2, and Γ1 × Γ2, respectively. For i = 1, 2 let π¯i (gΓ) = πi(g)Γi. Then,
π¯i is well-defined and intertwines the action of A on G/Γ with the action of Ai on
Gi/Γi.
First, assume dimA1 = 0. If there exists x ∈ G2/Γ2 so that A2x is a divergent
trajectory, then Ax¯ is a divergent trajectory for any x¯ ∈ π¯−12 (x). Moreover, if
A2x is a non-obvious divergent trajectory, then Ax¯ is also a non-obvious divergent
trajectory.
If there exists x ∈ G/Γ so that Ax is a divergent trajectory, then Aπ2 (x) is also
a divergent trajectory.
In order to prove (1) it remains to show that if Ax, x ∈ G/Γ, is an obvious
divergent trajectory, then A2π2 (x) is also an obvious divergent trajectory. Assume
otherwise Let {ak} ⊂ A be an unbounded sequence. Since dimA1 = 0 the sequence
{π2 (ak)} is also unbounded. Let g ∈ x and g
′ = π2 (g). Then, there exist a sub-
sequence {a′k} ⊂ {ak}, a Q-representation ̺
′ : G2 → GL (V ), and v ∈ V (Q) such
that
(2.1) ̺′ (a′kg
′) v −→
k→∞
0.
Let ̺ : G→ GL (V ) be the Q-representation defined by ̺ = ̺′ ◦π1. Then, it follows
from (2.1) that
̺ (a′kg) v −→
k→∞
0.
Thus, Ax is an obvious divergent trajectory, a contradiction.
Second, assume dim π1 (A) and dimπ2 (A) are positive. If there exists x ∈ G/Γ so
that Ax is a divergent trajectory, then Aiπ¯i (x) is a divergent trajectory for i = 1, 2.
Moreover, if for x ∈ G/Γ there exists an unbounded sequence {ak} ⊂ A such that
{akx} is bounded, then {akπ¯1 (x)} and {akπ¯2 (x)} are also bounded. Proving (2).
Third, if there exist x1 ∈ G1/Γ1, x2 ∈ G2/Γ2 so that A1x1, A2x2 are divergent
trajectories, then in a similar way to the above one can show that for any g ∈ x1x2
the trajectory of AgΓ is a non-obvious divergent one. Proving (3). 
3. A Maximal Almost Q-Split Torus
Let g be the Lie algebra of G and S be a maximal Q-split torus. By replacing T
with a conjugate of it we may assume S ⊂ T . Let s and t be the Lie algebras of S
and T , respectively.
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We use standard notions and results of linear algebraic groups (see [Bor]).
Denote by ΦQ and ΦR the set of Q-roots in s
∗ and R-roots in t∗, respectively.
Remark 3.1. In this section we assume that ΦR is irreducible (i.e, cannot be written
as ΦR = Φ1⊕Φ2, where Φ1, Φ2 are non-trivial root systems). This implies that ΦQ
is also irreducible (see [S, §15.5.6]).
Definition 3.2. Let A be a subgroup of T (not necessarily defined over Q). We say
that A is almost Q-anisotropic if all Q-character defined on T are trivial on A,
and that A is almost Q-split if it does not contain non-trivial almost Q-anisotropi
subgroups. If A is almost Q-anisotropic (respectively almost Q-split) and defined
over Q, it is called Q-anisotropic (respectively Q-split).
The goal of this chapter is to prove that any subgroup of T is conjugated to a
subgroup with an almost Q-split subtorus of maximal dimension. This will be used
later on to prove Theorem 1.2.
Theorem 3.3. Let A be a subgroup of T such that dim (A) ≤ rankQ (G). Then
there exists n ∈ NG (T ) such that Ad (n)A is almost Q-split.
Let κ be the Killing form on g. For χ ∈ t∗ let tχ ∈ t be determined by
(3.1) χ (t) = κ (tχ, t) for all t ∈ t.
For χ1, χ2 ∈ t
∗, χ1 6= 0, let
(3.2) 〈χ1, χ2〉 = 2
κ (tχ1 , tχ2)
κ (tχ1 , tχ1)
.
Denote by W (ΦR) the Weyl group associated with ΦR, i.e. the group generated
by the reflections sβ , β ∈ ΦR, defined by
(3.3) sβ (χ) = χ− 〈χ, β〉 β
for any characters χ. For any w ∈ W (ΦR) there exists nw ∈ NG (T ) such that for
all χ ∈ t∗
(3.4) Ad (nw) tχ = tw(χ)
(see [Kn, §VI.5]). It follows from (3.1), (3.4), and the invariance of the Killing form
under automorphisms of g that for any χ ∈ t∗, t ∈ t, and w ∈W (ΦR)
(3.5) w (χ) (t) = χ
(
Ad
(
n−1w
)
t
)
Proposition 3.4. For any non-zero t ∈ t and non-zero χ ∈ t∗ there exists β ∈
ΦR ∪ {0} such that sβ (χ) (t) 6= 0 (where sβ is defined as in (3.3)).
Proof. If χ (t) 6= 0, then we may take β = 0. Hence, we may assume χ (t) = 0.
The span of the W (ΦR)-orbit of a non-zero character χ is a nonzero W (ΦR)-
invariant subspace of t∗. According to Lemma B in [H, §10.4], W (ΦR) acts irre-
ducibly on t∗. Therefore, the W (ΦR)-orbit of χ spans t
∗. Since t is non-zero, there
exists w ∈W (ΦR) such that w (χ) (t) 6= 0.
The element w ∈ W (ΦR) can be written as a product w = sλ1 · · · sλk with
λ1, . . . , λk ∈ ∆R. Assume that w is chosen so that k is minimal. Then, by (3.3)
〈χ, λk〉 6= 0.
Moreover, we will see that
(3.6) ∀1 ≤ i < k, 〈χ, λi〉 = 0.
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Assume otherwise; for some 1 ≤ i < k we have
(3.7) 〈χ, λi〉 = c 6= 0.
For i = 1, . . . , k denote si = sλi . Recall that for any s ∈ W (ΦR) we denote
by ns the element in NG (T ) which represents s. If the adjoint action of n
−1
si
on
Ad
(
n−1si−1 · · ·n
−1
s1
)
t is trivial, then by (3.5)
s1 · · · si−1si+1 · · · sk (χ) (t) = si+1 · · · sk (χ)
(
Ad
(
n−1si−1 · · ·n
−1
s1
)
t
)
= si+1 · · · sk (χ)
(
Ad
(
n−1si n
−1
si−1
· · ·n−1s1
)
t
)
= w (χ) (t) 6= 0,
a contradiction to the minimality of k.
Let w′ = s1 · · · si−1 and t
′ = Ad
(
n−1w′
)
t. Note that if s is a reflection, it is its
own inverse and so n−1s is another represent of s. Since κ (t
′, ·) defines a character
on t, equations (3.1), (3.2), (3.3) and (3.4) yield
Ad
(
n−1si
)
t′ = t′ −
2κ (t′, tλi)
κ (tλi , tλi)
tλi .
Hence, the non-triviality of the adjoint action of n−1sλi
on t′ implies
(3.8) 2λi (t
′) = 2κ (t′, tλi) 6= 0.
Equation (3.5) and the minimality of k imply that χ (t′) = w′ (χ) (t) = 0. There-
fore, (3.3), (3.5), (3.7), and (3.8) imply
s1 · · · si (χ) (t) = si (χ) (t
′)
= (χ+ cλi) (t
′)
= χ (t′) + cλi (t
′) 6= 0.
A contradiction to the minimality of k, proving (3.6).
Let β = s1 · · · sk−1 (λk). Then,
(3.9) sβ = s1 · · · sk−1sksk−1 · · · s1
(see [Kn, §II.6]). It follows from (3.3), (3.6), and (3.9) that
sβ (χ) (t) = s1 · · · sk−1sk (χ) (t) = w (χ) (t) 6= 0.

Lemma 3.5. Let A be a subgroup of T . Then A contains a maximal almost Q-
anisotropic subgroup Aani and a maximal almost Q-split subgroup Aspl such that
A = AaniAspl and Aani ∩ Aspl is finite.
Proof. According to [S, Prop. 13.2.4] there exists a unique maximal Q-anisotropic
subtorus Tani of T . Then, by definition, the set Aani = A ∩ Tani is a maximal Q-
anisotropic subtorus of A. By [S, Prop. 13.2.3] there exists a subgroup Aspl of A
such that A = AaniAspl and Aani ∩Aspl is finite. Note that Aspl is not necessarily a
subset of S (and in that case, not defined over Q). Then, any subgroup of A properly
containing Aspl contains a non-trivial almost Q-anisotropi subgroup. Hence, Aspl is
a maximal almost Q-split subgroup of A. 
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Lemma 3.6. Let V be an inner product space and U,W be subspaces of V . If
dimW < dimU , then there exists a non-trivial ϕ ∈ V ∗ which is trivial on W and
on the orthogonal complement of U in V .
Proof. It follows from
dimW ∗ = dimW < dimU = dimU∗
that there exists a non-trivial ϕ′ ∈ U∗ which is trivial on W ∩ U . Denote by
p : V → U the orthogonal projection of V onto U . Define ϕ ∈ V ∗ by
ϕ(u) = ϕ′(p(u)).
Then, ϕ satisfies the claim. 
Proof of Theorem 3.3. According to Lemma 3.5, for any subgroup T ′ of T we can
denote by T ′ani its unique maximal almost Q-anisotropi subgroup and by T
′
spl its
unique maximal almost Q-split subgroup. If t′ is the Lie algebra of T ′, denote by
t′ani and t
′
spl the Lie algebras of T
′
ani and T
′
spl, respectively.
Let a be the Lie algebra of A. Without loss of generality, assume that the dimen-
sion of aani is less than or equal to the dimension of (Ad (n) a)ani for any n ∈ NG (T ).
Assume by contradiction that aani has positive dimension. Then, dim aspl <
rankQ (G). By Lemma 3.6 there exists a Q-character χ defined on t which is trivial
on aspl (therefore trivial on a). Let a be a non-zero element in aani. By Proposition
3.4 there exists β ∈ ΦR such that sβ (χ) (a) 6= 0. Note that since a ∈ aani, we have
χ (a) = 0. Thus, sβ (χ) 6= χ, which by (3.3) implies
(3.10) 〈χ, β〉 6= 0.
We claim that
(3.11) Ad
(
nsβ
)
aspl,
{
Ad
(
nsβ
)
a
}
⊂
(
Ad
(
nsβ
)
a
)
spl
.
By (3.5) and the choice of β, χ
(
Ad
(
nsβ
)
a
)
= sβ (χ) (a) is non-zero. Hence
Ad
(
nsβ
)
a ∈
(
Ad
(
nsβ
)
a
)
spl
.
Let t ∈ aspl. Then there exists a Q-character λ defined on t which is non-trivial
on t. If t is invariant under the adjiont action of nsβ , then
λ
(
Ad
(
nsβ
)
t
)
= λ (t) 6= 0.
If t is not invariant under the adjiont action of nsβ , then as in the proof of Propo-
sition 3.4 one can get that β (t) 6= 0. Thus, by (3.5) and (3.10) we arrive at
χ
(
Ad
(
nsβ
)
t
)
= sβ (χ) (t) = χ (t)− 〈χ, β〉 β (t) 6= 0.
We may conclude that for any t ∈ aspl,
Ad
(
nsβ
)
t ∈ (Ad (nβ) a)spl .
This proves (3.11), a contradiction to the maximality of the dimension of aspl. 
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4. Highest Weight Representations
We preserve the notation of §3.
Let ̺ : g→ GL (V ) be a Q-representation of G. For λ ∈ s∗ denote
V̺,λ =
{
v ∈ V : ∀s ∈ s ̺ (exp (s)) v = eλ(s)v
}
.
If V̺,λ 6= {0}, then λ is called a Q-weight for ̺. Denote by Φ̺ the set of Q-weights
for ̺. For any λ ∈ Φ̺, V̺,λ is called the Q-weight vector space for λ, and
members of V̺,λ are called Q-weight vectors for λ.
As in the previous section, ΦQ is the set of Q-roots. For β ∈ ΦQ ∪ {0} denote by
gβ the Q-root space for β.
For any Q-representation ̺, the Q-weights for ̺ are related to the Q-roots by
(4.1) ̺ (gβ) V̺,λ ⊂ V̺,β+λ, β ∈ ΦQ ∪ {0} , λ ∈ Φ̺.
Let T0 be the maximal Q-anisotropic subtorus of T and let t0 ⊂ t be the Lie
algebra of T0. According to [S, Prop. 13.2.4]
(4.2) t = t0s and t0 ∩ s = {0} .
Then, by definition any Q-character defined on t is trivial on t0.
For any χ ∈ t∗ denote by χ |s the restriction of χ to s, and by χ |t0 the restriction
of χ to t0. Given a character χ ∈ s
∗ define χ˜ ∈ t∗ by
χ˜ |t0= 0 and χ˜ |s= χ.
Lemma 4.1. Let ̺ : g → GL (V ) be a Q-representation with a Q-weight χ such
that dim (V̺,χ) = 1. Then, for any t ∈ t, v ∈ V̺,χ
̺ (exp (t)) v = eχ˜(t)v.
Proof. Since V̺,χ is one dimensional and t ⊂ g0, Equation (4.1) implies that the
torus T acts multiplicatively on V̺,χ. That is, there is a charcter λ ∈ t
∗ such that
for any t ∈ t, v ∈ V̺,χ
̺ (exp (t)) v = eλ(t)v.
By the assumption, λ |s= χ. Since V̺,χ is a Q-weight space, it is defined over Q.
Hence, λ is a Q-character and and we may deduce λ |t0= 0, implying λ = χ˜ 
Fix a Q-simple system
∆Q = {α1, . . . , αr} .
Let χ1, . . . , χr ∈ s
∗ be the Q-fundamental weights, i.e. for any 1 ≤ i, j ≤ r
(4.3) 〈χi, αj〉 = δi,j
(Kronecker delta).
For any c1, . . . , cr ∈ Z the character
χ =
r∑
i=1
ciχi
is called a Q-abstract weight and if c1, . . . , cr are non-negative, then χ is called
dominant.
Lemma 4.2. [BT, §12] Let χ be a Q-abstract weight.
(i) χ is conjugated under W (ΦQ) to precisely one Q-abstract dominant weight.
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(ii) If χ is a Q-abstract dominant weight, then there exist a positive integer
m and a strongly rational over Q-representation ̺ : G → GL (V ) with
Q-highest weight mχ.
A Q-weight χ for ̺ is called a Q-highest weight for ̺ if any λ ∈ Φ̺ satisfies
λ ≤ χ.
Definition 4.3. A finite-dimensional Q-representation ̺ : G → GL (V ) is called
strongly rational over Q if there is a Q-highest weight for ̺ and the Q-weight
vector space for the Q-highest weight is of dimension one.
Lemma 4.4. [BT, §12] Let ̺ : G → GL (V ) be a strongly rational over Q repre-
sentation with a Q-highest weight χ and w ∈ W (ΦQ) (see (3.3) for the definition
of the Weyl group). Then the dimension of V̺,w(χ) is one (in particular, w (χ) is a
Q-weight for ̺).
Proof of Theorem 1.2. Denote by π the quotient map G→ G/Γ, g 7→ gΓ.
According to Theorem 3.3, there exists n ∈ NG (T ) such that Ad (n)A is almost
Q-split. We claim that Aπ
(
n−1
)
is a divergent trajectory in G/Γ. It is equivalent
to show that Ad (n)AΓ diverges in G/Γ.
Let a be the Lie algebra of Ad (n)A and let {ak} be an unbounded sequence in
a. Since Ad (n)A is almost Q-split, any Q-character on t has a trivial restriction
to t0, and the Q-fundamental weights span s
∗, we may deduce from (4.2) that for
some 1 ≤ i ≤ r the sequence χ˜i(ak) is unbounded.
Assume there exists a subsequence {akℓ} such that
(4.4) χ˜i(akℓ)→ +∞.
By Lemma 4.2 there exist a positive integer m and a strongly rational over Q-
representation ̺ with a Q-highest weight m · w (−χi), for some w ∈ W (ΦQ). By
Definition 4.3 and Lemma 4.4 the subspace V̺,−mχi is one dimensional. Let v ∈
V̺,mχi be a rational vector. Then, Lemma 4.1 and (4.4) imply
̺ (exp (akℓ)) v = e
−mχ˜i(akℓ)v → 0.
If there exists a subsequence {akℓ} such that
χ˜i(akℓ)→ −∞,
then, in a similar way as above, one can find a Q-representation ̺ : G → GL (V ),
m ∈ N, and v ∈ V (Q) such that
̺ (exp (akℓ)) v = e
mχ˜i(akℓ)v → 0.

5. Rational Characters and Divergent Trajectories
We preserve the notation of §3 and §4.
For the proof of Theorem 1.1 we will need the following results:
Lemma 5.1. For any i = 1, . . . , r there exists di > 0 such that
χi = di
∑
β∈ΦQ,β≥αi
β
(where χ1, . . . , χr are defined in (4.3)).
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Proof. Let 1 ≤ i 6= j ≤ r and denote γi =
∑
β∈ΦQ,β≥αi
β. By (3.3) for any β ∈ ΦQ,
β ≥ αi implies sαj (β) ≥ αi. Hence, wαj is bijective on the set
{λ ∈ ΦQ : λ ≥ αi} .
Therefore, wαj (γi) = γi. Using (3.3) we may deduce 〈γi, αj〉 = 0.
Since γi is a sum of positive roots, there exist non-negative integers k1, . . . , kr
such that γi =
∑r
j=1 kjαj . Since the Killing form is nondegenerate on s
∗ and γi 6= 0,
we arrive at
0 < 〈γi, γi〉 =
r∑
j=1
kj 〈γi, αj〉 = ki 〈γi, αi〉 .
Thus 〈γi, αi〉 > 0 and so (4.3) implies that there exists di > 0 which satisfies the
conclusion of the lemma. 
Lemma 5.2. Let ̺ : G→ GL (V ) be a strongly rational over Q-representation with
a Q-highest weight χ. If w ∈ W (ΦQ) and β ∈ ΦQ satisfy w (χ) + β ∈ Φ̺, then
〈w (χ) , β〉 < 0.
Proof. Assume w ∈ W (ΦQ) and β ∈ ΦQ satisfy w (χ) + β ∈ Φ̺. Since χ is a
Q-highest weight, χ+ w−1 (β) ∈ Φ̺ implies
(5.1) w−1 (β) < 0.
Let l = 〈w (χ) , β〉 < 0. Since the Killing form is invariant under automorphisms
of g we have l =
〈
χ,w−1 (β)
〉
. Then, by (3.3) and the linearity of the killing form
we have
(5.2) sβ
(
χ+ w−1 (β)
)
= χ− (l+ 1)w−1 (β) .
Since χ is a Q-highest weight, it can be deduced from (5.1) and (5.2) that l ≤
−1. 
Lemma 5.3. [Bou, §VI 1.8] If ΦQ is irreducible, then there exists a root β ∈ ΦQ
such that every α ∈ ΦQ satisfies β ≥ α.
Theorem 5.4. [Dirichlet’s Theorem on Simultaneous Approximation][Di] Suppose
that x1, . . . , xd are real numbers and Q > 1 is an integer. Then there exist integers
q, p1, . . . , pd such that for i = 1, . . . , n
1 ≤ q < Qd and |qxi − pi| ≤
1
Q
.
Theorem 5.5. [W, Thm. 4.13] Let G be a semisimple Q-algebraic group, Γ =
G (Z), and A be a subgroup of T . Suppose that there are subgroups P+, P−, finitely
many Q-representations ̺+i : G→ GL
(
V +i
)
, ̺−i : G→ GL
(
V −i
)
, non-zero vectors
v+i ∈ V
+
i (Q), v
−
i ∈ V
−
i (Q), such that the following hold:
(i) For any unbounded sequence {ak} ⊂ A there is a subsequence {a
′
k} and i
such that ̺±i (a
′
k) v
±
i −→
n→∞
0.
(ii) For each i, ̺±i (P±) leaves the line R · vi invariant.
(iii) P± = P± ∩G (Q).
(iv) T ⊂ P±.
(v) For any R-root α, if gα ∩ Lie (P±) 6= {0} then gα ⊂ Lie (P±).
(vi) P+ and P− generate G.
Then there are non-obvious divergent trajectories for A.
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5.1. Proof of Theorem 1.1. Let A be a subgroup of T such that 0 < dimA <
rankQG and the projection of A to any Q-factor G1 of G satisfies dimA ≤ rankQG1.
According to Theorem 1.2, applying conjugation we may assume that A is almost
Q-anisotropic. Since dimA < rankQG, Lemma 3.6 implies that there exists a non-
zero Q-character χ which is trivial on A.
If Φ0 is an irreducible component of ΦQ which is orthogonal to χ, then by [BT,
§2.15] there exists a Q-factor G1 of G such that the root system of G1 is ΦQ\Φ0. By
Theorem 1.3(3) together with Theorem 1.2 and the assumption about the dimension
of projections of A onto Q-factors of G, we may replace G with G1. Thus, we may
assume χ is not orthogonal to any irreducible component of ΦQ.
Let
(5.3) R = max


r∑
j=1
〈χi, χj〉 : 1 ≤ i ≤ r

 .
Note that the value of R does not depend on the choice of a simple system.
There exist b1, . . . , br ∈ R, not all zero, such that
(5.4) χ =
r∑
i=1
biχi.
According to Theorem 5.4, by replacing χ with an integer multiplication of it,
we may assume there exist p1, . . . , pr ∈ Z, not all zero, such that for i = 1, . . . , r
(5.5) |bi − pi| <
1
2Rr
.
Moreover, we can assume
(5.6) pi 6= 0 for any 1 ≤ i ≤ r such that bi 6= 0.
Let
(5.7) χ′ =
r∑
i=1
piχi.
According to Lemma 4.2(i), there exists w ∈ W (ΦQ) so that by replacing ∆Q with
w (∆Q) we have
(5.8) p1, . . . , pr ≥ 0.
It follows from Lemma 5.1 that there exist non-negative d1, . . . , dr such that
(5.9) χ′ =
r∑
i=1
diαi.
We now claim that
(5.10) di > 0 for i = 1, . . . , r.
Otherwise; there exists 1 ≤ i ≤ r such that di = 0. Assume Φ0 ⊂ ΦQ is an
irreducible root system such that αi ∈ Φ0. Since χ is not orthogonal to Φ0, there
exists 1 ≤ j ≤ r such that αj ∈ Φ0 and bj 6= 0. But then pj > 0, so Lemma 5.1 and
Lemma 5.3 imply di > 0, a contradiction proving (5.10).
Let Φ1, . . . ,Φq be the irreducible components of ΦQ. Since χ is not orthogonal
to any irreducible component of ΦQ, it follows from (5.4), (5.6), (5.7), and (5.8)
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that for j = 1, . . . , q there exists 1 ≤ ij ≤ r such that pij > 0. It is then follow from
(4.3) and (5.7) that for j = 1, . . . , q
(5.11)
〈
χ′, αij
〉
= pij > 0.
Thus, by replacing χ with a positive integer multiplication of it, we may also assume
that for any β ∈ ΦQ, j = 1, . . . , q, l = 1, . . . , r
(5.12)
〈
χ′, αij
〉
> 〈αl, β〉 .
Let
Ψ =
{
β ∈ ΦQ : ∃1 ≤ j ≤ q such that β ≥ αij
}
.
Then, Ψ is a closed subset of ΦQ. Therefore, by [Bor, Prop. 21.9(ii)] there are
unique closed connected unipotent Q-subgroups U+, U− normalized by Z (S) (the
centralizer of S) with Lie algebras
⊕
β∈Ψ gβ ,
⊕
β∈Ψ g−β , respectively.
Let i = 1, . . . , r. The character χ′ − αi is a Q-abstract weight. According to
Lemma 4.2(i) there exists wi ∈ W (ΦQ) such that wi (χ
′ − αi) is a Q-abstract
dominant weight. Then, according to Lemma 4.2(ii), there exists a strongly rational
over Q representation ̺+i : G→ GL
(
V +i
)
(respectively ̺−i : G→ GL
(
V −i
)
) with a
Q-highest weightm+i ·wi (χ
′ − αi) (respectively Q-lowest weightm
−
i ·wi (−χ
′ + αi))
for somem+i ,m
−
i ∈ N. Let v
±
i be a non-zero weight vector for ± (χ
′ − αi) in V
±
i (Q)
(such a vector exists by Lemma 4.4).
In order to prove the theorem, it is enough to show that ̺±i , v
±
i , and U
± satisfy
the assumptions of Theorem 5.5 for A.
First, let {ak} be an unbounded sequence in A. After passing to a subsequence
{a′k} ⊂ {ak}, there exist 1 ≤ ℓ, j ≤ r such that
(5.13) αℓ (a
′
k) = max
1≤i≤r
αi (a
′
k) and αj (a
′
k) = min
1≤i≤r
αi (a
′
k) .
Then, (up to passing to a subsequence) αℓ (a
′
k) → +∞ or αj (a
′
k) → −∞. In view
of (5.9) and (5.10), it can be deduced that
αℓ (a
′
k)→ +∞ and αj (a
′
k)→ −∞.
In particular, we may assume αℓ (a
′
k) > 0 and αj (a
′
k) < 0 for any k ∈ N.
By (4.3), (5.3), and (5.13) for any i = 1, . . . , r
(5.14) χi (a
′
k) =
r∑
m=1
〈χi, χm〉αm (a
′
k) ≤ Rαℓ (a
′
k) ,
and
(5.15) χi (a
′
k) =
r∑
m=1
〈χi, χm〉αm (a
′
k) ≥ Rαj (a
′
k) .
It then follows from (5.4), (5.5), (5.7), and (5.14) that
̺+ℓ (a
′
k) v
+
ℓ = exp [(χ
′ − αℓ) (a
′
k)] · v
+
ℓ
= exp
[(
χ+
r∑
i=1
(pi − bi)χi − αℓ
)
(a′k)
]
· v+ℓ
≤ exp
[(
1
2Rr
Rrαℓ − αℓ
)
(a′k)
]
· v+ℓ
= exp
[
−
1
2
αℓ (a
′
k)
]
· v+ℓ −→
k→∞
0.
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In a similar way, it follows from (5.4), (5.5), (5.7), and (5.15) that
̺−j (a
′
k) v
−
j −→
k→∞
0.
Therefore, (i) is satisfied.
Second, let β ∈ Ψ and 1 ≤ l ≤ r. If 〈αl, β〉 ≤ 0, then
〈χ′ − αl, β〉 ≥ 〈χ
′, β〉 ≥ 0.
If 〈αl, β〉 > 0, then there exists 1 ≤ j ≤ q such that αl, β ∈ Φj . Since in that case
β ≥ αij , using (5.8), (5.11), and (5.12) we arrive at
〈χ′ − αl, β〉 = 〈χ
′, β〉 − 〈αl, β〉
≥
〈
χ′, αij
〉
− 〈αl, β〉
> 0.
In view of Lemma 5.2, we can deduce that in both cases
(5.16) ± (χ′ − αl)± β /∈ Φ̺±
l
.
It follows from (4.1), (5.16), and the definition of U± that for i = 1, . . . , r the
subspace V̺±
i
,±(χ′−αi)
is invariant under ̺±i (U
±). By Lemma 4.4, V̺±
i
,±(χ′−αi)
is
one dimensional. That is, R · v±i = V̺±
i
,±(χ′−αi)
. Proving (ii).
Last, it is easy to see that (iii) , (iv) , (v) are satisfied, and since U+, U− are
unipotent radicals of opposite parabolic subgroups of G which are not contained in
any proper Q-factor of G, [BT, Prop. 4.11] implies (vi).
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